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PAPR Reduction without Side Information in OFDM Systems

Tetsuya Shimamura

1 Introduction

Orthogonal frequency division multiplexing (OFDM) is a very attractive technique for
high data rate wireless transmission due to its high spectral efficiency and robustness
against multipath fading. As a result, OFDM has gained much popularity and has been
widely used in a variety of communication systems [1][2]. However, the major issue of
OFDM is peak-to-average power ratio (PAPR) of transmitted signals, which results in a
loss of transmitter power efficiency. High PAPR brings OFDM signal distortion in the
nonlinear region of high power amplifier (HPA), and this signal distortion induces
degradation of bit error rate (BER) and adjacent channel interference [3][4]. Numerous
techniques have been proposed to avoid the occurrence of high PAPR of OFDM signals
in the time domain, such as clipping and filtering [5], companding transform schemes
[6], active constellation extension [7], tone reservation [8], selected mapping (SLM) [9]
and partial transmit sequence (PTS) [10]-[14]. Among them, the PTS scheme is
promising, since it can obtain a good PAPR reduction performance without any signal

distortion.

In the conventional PTS scheme, the original frequency domain input signal is
partitioned into disjoint subblocks, in which each subblock is rotated by a set of
different phase factor sequences to generate a set of different candidate signals. Finally,
the candidate signal with the minimum PAPR is chosen for transmission. For the
conventional PTS scheme, however, extra bits should be reserved for the transmission
that involves the optimal phase factor sequence as side information, resulting in a
decrease of the data rate. Moreover, the side information will be interfered in a
frequency selective fading channel, which leads to huge degradation of the BER
performance [15][16].

In this paper, we propose a new PAPR reduction algorithm without side information
based on constellation reshaping. For the proposed method, we will rebuild a set of
constellations with different phase factors, by which the receiver can easily determine
which phase sequence has been transmitted, instead of using the side information. We
also show that compared with the conventional PTS method, the probability of further
PAPR reduction is higher for the proposed method.



2 OFDM System with PTS

In OFDM systems, a discrete time domain signal is represented by inverse Fourier
transform of complex symbols being subcarriers such as phase shift keying (PSK) or
quadrature amplitude modulation (QAM). The PAPR of an OFDM signal is defined as
the ratio between the maximum instantaneous power and its average power. The peak
power occurs when the modulated symbols are added with the same phase. The
complementary cumulative distribution function (CCDF) is a widely used performance
measure for PAPR reduction techniques, which represents the probability that the
PAPR of a symbol exceeds a certain threshold of PAPR.

For the conventional PTS scheme, the objective is to optimally combine the subblocks
of each set of candidate signals to obtain a time domain signal with the minimum PAPR

from the sets of different time domain OFDM signals.

In the practical application of the conventional PTS scheme, the phase factor is
usually chosen from 1 or -1 for generating the phase vector. Moreover, in order to
recover the original signals correctly at the receiver, it is necessary to know which phase
factor sequence has been chosen as the side information. The side information is
required to transmit at the transmitter, and a number of extra bits are required to
represent this side information, which brings a large number of redundancy and a loss
of the date rate for OFDM system.

3 New PTS Method

The objective of the proposed algorithm is to achieve PAPR reduction without any side
information transmission based on PTS scheme. We apply the mechanism of previous
studies in [17] and [18]. In [17], the authors proposed a constellation reshaping
method to reduce the PAPR, which does not need the transmission of side information to
the receiver. For the method, a reshaped amplitude modulation is generated, then the
inherent diversity of the reshaped constellation with different phase rotation factors
could be exploited at the receiver. As a result, the reshaping method achieves lower BER
than the method with the side information transmitted. However, the optimal location
of the reshaped points are not offered for obtaining a better BER performance. On the
other hand, the constellation extension in [18] offers an increased margin, which
guarantees a lower BER performance. Based on the consideration above, a new PTS

method is proposed in this paper. To easily understand the idea of the proposed method,



we take an example of QPSK constellation in Fig.1. Assume that all the phase factor
sequences have been generated. The constellation points will be reset by different phase
vector after obtaining the frequency signal sequence. The proposed method generates a

new signal sequence.
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Figure 1 Rebuilt constellation for QPSK

We can rebuilt constellations for 16QAM and 64 QAM, respectively, by applying the
proposed method.

4 Simulation Results

To evaluate the overall system performance of the proposed algorithm, computer
simulations were conducted based on an OFDM system. The results include the CCDF
of PAPR and the BER of the proposed method. Table 1 shows the parameters of
simulation in the OFDM system.

Table 1 System parameters employed for simulation

Number of subcarriers 512

Number of subblocks 2,4, 8

Phase rotation factor 1,-1,3, ]

Number of phase factors 4

Modulation QPSK, 16QAM, 64QAM
SNR (dB) 0-25

Channel AWGN




In this simulation, we compare the proposed method with the conventional PTS in
PAPR reduction performance, and the simulation results are presented in Fig 2. Fig.2
shows the performance of PAPR reduction of the conventional PTS scheme and the
proposed method for the number of subblocks 2, 4, 8 and phase factors 4. From Fig.2, it
is obvious that the proposed method can offer further PAPR reduction than the
conventional PTS scheme, when a QPSK constellation is employed. We can also see that
as the number of subblocks is increased, the performance of PAPR reduction becomes
lower by using the proposed method or the conventional PTS scheme. The PAPR
reduction performance of the constellation reshaping method is the same as that of the
conventional PTS scheme [17]. From this point of view, Fig. 2 indicates that the
proposed method can obtain better PAPR reduction performance than the conventional
PTS scheme.

::] —&—Original
.. = *—Conwventional PTS-V=2
°| —#&— Proposed PTS-V=2

—+—Conventional PTS-V=4
—®— Proposed PTS-V=4

— #= -Conventional PTS-V=8
| —*—Proposed PTS-V=8

Pr(PAPR>PAPR0)

PAPRo[dB]

Figure 2 PAPR performance

The BER performances of the proposed method, the conventional PTS scheme
(C-PTS) and the constellation reshaping method (R-PTS) [17] with additive white
Gaussian noise (AWGN) are presented in Fig.3. The results show that the BER
performances of an ideal C-PTS that has perfect side information (SI) is almost the
same as C-PTS with estimated side information over AWGN channel. However, the
BER performance of R-PTS without side information is slightly worse than that of

C-PTS because the constellation was reshaped but the average power of transmit



signals was constant, which makes the received signals contain incorrect information
more likely, which leads to that the received signals could not be recovered correctly

without side information.

Moreover, we can see that the proposed method can obtain a better BER performance
than R-PTS or C-PTS due to the fact that the constellation was extended while the
transmission of the side information was avoided. As the extension distance in the
proposed method is decreased (Proposed-method-0.5K), the performance of the proposed
method becomes worse because lower extension distance makes the occurrence of
erroneous estimation event more likely which leads to a decrease of the BER. Fig.3,
however, shows that even the proposed method with the use of low extension distance
provides better performance than C-PTS and R-PTS.

Since the conventional constellation point is extended, the proposed algorithms
require an increase in the transmit signal power. This comes at the outlay of complexity,
efficiency as well as cost. To alleviate the effect of transmit power increase, we should
choose the minimum value of the constellation point to rebuild the new constellation for

the proposed method at the cost of slight increase in transmit power.
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Figure 3 BER performance



5 Conclusion

In this paper, we have proposed a new PTS method to reduce the PAPR without side
information, which rebuilds a set of new constellations which corresponds to different
phase factors. At the receiver, we can determine which phase sequence has been
transmitted by using the proposed method in an OFDM system. The proposed method
could achieve further PAPR reduction of OFDM signals, while a better BER

performance can be obtained.
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Common Developments of

Three Incongruent Boxes of Area 30

Takashi Horiyama!

(Extended Abstract)

Since Lubiw and O’Rourke posed the problem in 1996 [10], polygons that can fold into
a (convex) polyhedron have been investigated in the area of computational geometry. In

general, we can state the development/folding problem as follows:

Input : A polygon P and a polyhedra Q
Output: Determine whether P can fold into @ or not

When @ is a tetramonohedron (a tetrahedron with four congruent triangular faces),
Akiyama and Nara gave a complete characterization of P by using the notion of tiling
[2, 3]. Except that, we have quite a few results from the mathematical viewpoint. Hence
we can tackle this problem from the viewpoint of computational geometry and algorithms.

From the viewpoint of computation, one natural restriction is that considering the
orthogonal polygons and polyhedra which consist of unit squares and unit cubes, respec-
tively. Such polygons have wide applications including packaging and puzzles, and some
related results can be found in the books on geometric folding algorithms by Demaine and
O’Rourke [6, 12]. However, this problem is counterintuitive. One of the many interesting
problems in this area asks whether there exists a polygon that folds into plural incongru-
ent orthogonal boxes. This folding problem is very natural but still counterintuitive; for
a given polygon that consists of unit squares, and the problem asks are there two or more
ways to fold it into simple convex orthogonal polyhedra (Figure 1). Biedl et al. first gave
two polygons that fold into two incongruent orthogonal boxes [5] (see also Figure 25.53 in
the book by Demaine and O’Rourke [6]). Later, Mitani and Uehara constructed infinite
families of orthogonal polygons that fold into two incongruent orthogonal boxes [11]. Re-
cently, Shirakawa and Uehara extended the result to three boxes in a nontrivial way; that
is, they showed infinite families of orthogonal polygons that fold into three incongruent
orthogonal boxes [13]. However, the smallest polygon by their method contains 532 unit
squares, and it is open if there exists much smaller polygon of several dozens of squares
that folds into three (or more) different boxes.

It is easy to see that two boxes of size a x b X ¢ and @’ X I/ x ¢’ can have a common

development only if they have the same surface area, i.e., when 2(ab + bc + ca) = 2(a’b’ +

! Joint work with Dawei Xu (Japan Advanced Institute of Science and Technology), Toshihiro Shirakawa,

and Ryuhei Uehara (Japan Advanced Institute of Science and Technology)
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Figure 1: A polygon folding into two boxes of size
I1x1x5and1x2x3in [11].

b'd +ca’) holds. We can compute small surface areas that admit to fold into two or more
boxes by a simple exhaustive search. We show a part of the table for 1 < a < b < ¢ <50
in Table 1. From the table, we can say that the smallest surface area is at least 22 to have
a common development of two boxes, and their sizes are 1 x 1 x 5 and 1 x 2 x 3. In fact,
Abel et al. have confirmed that there exist 2,263 common developments of two boxes of
size 1 x 1 x 5 and 1 x 2 x 3 [1]. On the other hand, the smallest surface area that may
admit to fold into three boxes is 46, which may fold into three boxes of size 1 x 1 x 11,
1x2x7,and 1 x3x5. However, the number of polygons of area 46 seems to be too huge to
search. This number is strongly related to the enumeration and counting of polyominoes,
namely, orthogonal polygons that consist of unit squares [7]. The number of polyominoes
of area n is well investigated in the puzzle society, but it is known up to n = 45, which is
given by the third author (see the OEIS (https://oeis.org/A000105) for the references).
Since their common area consists of 46 unit squares, it seems to be hard to enumerate all
common developments of three boxes of size 1 x 1 x 11, 1 x2x 7, and 1 x 3 x 5.

One natural step is the next one of the surface area 22 in Table 1. The next area of 22
in the table is 30, which admits to fold into two boxes of size 1 x 1 x 7 and 1 x 3 x 3. When
Abel et al. had confirmed the area 22 in 2011, it takes around 10 hours. Thus we cannot
use the straightforward way in [1] for the area 30. We first employ a nontrivial extention of
the method based on a zero-suppressed binary decision diagram (ZDD) used in [4], which
is so-called frontier-based search algorithm for enumeration [9]. Our first algorithm based
on ZDD runs in around 10 days on an ordinary PC. To perform double-check, we also use
supercomputer (CRAY XC30). We note that we cannot use the same way as one for area
22 shown in [1] since it takes too huge memory even on a supercomputer. Therefore, we
use a hybrid search of the breadth first search and the depth first search. Our first result
is the number of common developments of two boxes of size 1 x 1 x 7 and 1 x 3 x 3, which
is 1,080.
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Table 1: A part of possible size a x bx c of boxes and its common surface area 2(ab+bc+ca).

2(ab+bc+ca) | axbxc

22 I1x1x5,1x2x3

30 Ix1Ix7,1x3x3

34 I1x1x8 1x2x5

38 1x1x9,1x3x4

46 1x1x11,1x2x7,1x3x%x5

54 I1x1x13,1x3%x6,3x3x3

58 1x1x14,1x2x9,1x4x%x5

62 IXx1x15,1x3x7,2x3x%x5H

64 1x2x10,2x2x7,2x4x4

70 IXx1Ix17,1x2x11,1x3x8 1x5x%x5H
88 I1x2x14,1x4x8,2x2x10,2x4x6

Based on the obtained common developments, we next change the scheme. In [5], they
also considered folding along 45 degree lines, and showed that there was a polygon that
folded into two boxes of size 1 x 2 x 4 and V2 x v/2 x 3v/2 (Figure 2). In this context,
we can observe that the area 30 may admit to fold into another box of size V5 x5 x5
by folding along the diagonal lines of rectangles of size 1 x 2. This idea leads us to the
problem that asks if there exist common developments of three boxes of size 1 x 1 x 7,
1x3x3, and V5 x5 x5 among the common developments of two boxes of size 1 x 1 x 7
and 1 x 3 x 3.

We remark that this is a special case of the development/folding problem above. In
our case, P is one of the 1,080 polygons that consist of 30 unit squares, and @ is the cube
of size v/5 x /5 x /5. We note that we can use a pseudopolynomial time algorithm for
Alexandrov’s Theorem proposed in [8], however, it runs in O(n*%6-?) time, and it is not
practical. Therefore, we develop the other efficient algorithm specialized in our case that
checks if a polyomino P of area 30 can fold into a cube @ of size V5 x V5 x /5. Using
the algorithm, we check if these common developments of two boxes of size 1 x 1 x 7 and
1 x 3 x 3 can also fold into the third box of size v/5 x /b x \/5, and give an affirmative
answer. We find that nine of 1,080 common developments of two boxes can fold into the
third box (Figure 3). Moreover, one of the nine common developments of three boxes has
another way of folding. Precisely, the last one (Figure 3(9)) admits to fold into the third
box of size v/5 x /5 x /5 in two different ways. These four ways of folding are depicted

in Figure 4. We summarize the main results in this paper:

Theorem 1 (1) There are 1,080 polyominoes of area 30 that admit to fold (along the
edges of unit squares) into two boxes of size 1 x 1 x 7 and 1 x 3 x 3. (2) Among the above
1,080, nine polyominoes can fold into the third box of size /5 x /5 x /5 if we admit to
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Figure 2: The com-

mon development T EE

shown in [5]. (a) It - H O

folds into a box of size

1x2x4 and (b) it Figure 3: Nine polygons that fold into three boxes
also folds into a box of of size 1 x1x7,1x3x3,and V5 x V5 x V5.
size V2 x V2 x 3v/2. The last one can fold into the third box in two

different ways (Figure 4).

fold along diagonal lines (Figure 3). (3) Among these nine polyominoes, one can fold into
the third boz in two different ways (Figure 4).
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