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Common Unfolding of Regular Tetrahedron,
Gyroelongated Square Dipyramid, and Snub Disphenoid

Takashi Horiyama'

1 Introduction

An edge unfolding (or a net) is defined by a development of the surface of a polyhedron
to a plane, such that the surface becomes a flat polygon bounded by segments that derive
from edges of the polyhedron. We would like an unfolding to possess three characteristics.
(1) The unfolding is a single, simply connected piece. (2) The boundary of the unfolding is
composed of (whole) edges of the polyhedron, that is, the unfolding is a union of polyhedron
faces. (3) The unfolding does not self-overlap, that is, it is a simple polygon. We call a
simple polygon that satisfies these conditions a net for the polyhedron.

Since then, nets for polyhedra have been widely investigated (rich background can be
found in [5], and recent results can be found in [10]). For example, Alexandrov’s theorem
states that every metric with the global topology and local geometry required of a convex
polyhedron is in fact the intrinsic metric of some convex polyhedron. Thus, if P is a net of
a convex polyhedron @, then the shape (as a convex polyhedron) is uniquely determined.
Alexandrov’s theorem was stated in 1942, and a constructive proof was given by Bobenko
and Izmestiev in 2008 [4]. A pseudo-polynomial algorithm for Alexandrov’s theorem, given
by Kane et al. in 2009, runs in O(n%6-571891 /121 time, where r is the ratio of the largest
and smallest distances between vertices, and e is the coordinate relative accuracy [9]. The
exponents in the time bound of the result are remarkably huge.

Therefore, we have to restrict ourselves to smaller classes of polyhedra to investigate
from the viewpoint of efficient algorithms. In this paper, we consider some classes of
polyhedra that have common nets. In general, a polygon can be a net of two or more
convex polyhedra. Such a polygon is called a common net of the polyhedra®. Recently,
several polygons folding into two different polyhedra have been investigated (see [12] for
comprehensive list). In this context, it is natural to ask whether there is a common
net of two (or more) different Platonic solids. This question has arisen several times
independently, and it is still open (see [5, Section 25.8.3]). In general nets, there is a
polygon that can folds into a cube and an almost regular tetrahedron with small error
€ < 2.89200 x 1071796 [12]. On the other hand, when we restrict ourselves to deal with

only edge unfoldings, there are no edge unfolding of the Platonic solids except a regular

! Joint work with Yoshiaki Araki (Japan Tessellation Design Association) and Ryuhei Uehara (Japan

Advanced Institute of Science and Technology)
2Note that an edge of an unfolding can passes through a flat face of the polyhedra.
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Figure 1: (Left) an edge unfolding of the JZ solid J17, and (right) an edge unfolding of the
JZ solid J84, which are also nets of a regular tetrahedron, respectively. These polygons

are also p2 tilings.

tetrahedron that can fold into a regular tetrahedron [8]. This result is not trivial since a
regular icosahedron and a regular dodecahedron have 43,380 edge unfoldings. In fact, it is
confirmed that all the edge unfolding are nets (i.e., without self-overlapping) recently [6].
In this paper, we broaden the target of research from the set of five Platonic solids to
the set of 92 Johnson-Zalgaller solids (JZ solids for short). A JZ solid is a strictly convex
polyhedron, each face of which is a regular polygon, but which is not uniform, i.e., not
a Platonic solid, Archimedean solid, prism, or antiprism. Recently, the number of edge
unfoldings of the JZ solids are counted [7], however, it has not been investigated how many
nets (without self-overlapping) are there. On the other hand, the tilings of edge unfoldings
of JZ solids are classified [2]. That is, they classified the class of the JZ solids whose edge
unfoldings form tilings. Some tilings are well investigated in the context of nets; a polygon
is a net of a regular tetrahedron if and only if it belongs to a special class of tilings [1].
In this paper, we concentrate on common nets of a regular tetrahedron and the JZ
solids. More precisely, we show that there exists edge unfoldings of some JZ solids that

are also nets of a regular tetrahedra:

Theorem 1 An edge unfolding of the JZ solid J17 (gyroelongated square dipyramid) and
an edge unfolding of the JZ solid J84 (snub disphenoid ) fold into a reqular tetrahedron.

We will show that Figure 1 certainly proves Theorem 1. Next we also compute all common
nets that fold into both of a JZ solid and a regular tetrahedra:?

Theorem 2 (1) Among 13,01/ edge unfoldings of the JZ solid J17 [7], there are 87 nets
that fold into a regular tetrahedron, which consist of 78 nets that have one way of folding

into a reqular tetrahedron, 8 nets that have two ways of folding into a reqular tetrahedron,

3These numbers are counted on the “unlabeled” solids, and congruent unfoldings are not reduced. See
[7] for further details.
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Figure 2: An edge unfolding of the JZ solid J84. It has two different types of p2 tilings,

and hence there are two different ways to fold into a regular tetrahedron.

Figure 3: An edge unfolding of the JZ solid J17 that can be folded into a regular tetrahedron

in three different ways.

and 1 net that has three ways of folding into a regular tetrahedron. (2) Among 1,109 edge
unfoldings of the JZ solid J84 [7], there are 37 nets that fold into a regular tetrahedron,
which consist of 32 nets that have one way of folding into a reqular tetrahedron, and 5 nets

that have two ways of folding into a regqular tetrahedron.

We note that some nets allow to fold into a regular tetrahedron in two or three different
ways of folding. A typical example that has two ways of folding is shown in Figure 2.
We can tile the net of the JZ solid J84 in two different ways, hence we can fold a regular
tetrahedron in two different ways according to the tilings. The unique net that has three

ways of folding is shown in Figure 3.
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Figure 4: (a) a spanning tree of the JZ solid J17, (b) its corresponding unfolding, and (c)

a p2 tiling around the rotation centers.

2 Preliminaries
We first show some basic results about unfolding of a polyhedron.

Lemma 3 ([5, Sec. 22.1.3]) All vertices of a polyhedron X are on the boundary of any
unfolding of X.

Let P be a polygon on the plane, and R be a set of four points (called rotation centers)
on the boundary of P. Then P has a tiling called symmetry group p2 (p2 tiling, for short)
if P fills the plane by the repetition of 2-fold rotations around the points in R. The filling
should contain no gaps nor overlaps. The rotation defines an equivalence relation on the
points in the plane. Two points p; and p2 are mutually equivalent if p; can be moved to ps
by the 2-fold rotations. More details of p2 tiling can be found, e.g., in [11]. Based on the

notion of p2 tiling, any unfolding of a tetramonohedron* can be characterized as follows:

Theorem 4 ([1, 3]) P is an unfolding of a tetramonohedron if and only if (1) P has
a p2 tiling, (2) four of the rotation centers consist in the triangular lattice formed by the
triangular faces of the tetramonohedron, (3) the four rotation centers are the lattice points,

and (4) no two of the four rotation centers belong to the same equivalent class on the tiling.

We can obtain the characterization of the unfolding of a regular tetrahedron if each trian-
gular face in Theorem 4 is a regular triangle. By Theorem 4, Theorem 1 is directly proved
by Figure 1. (Of course it is not difficult to check these nets in Figure 1 by cutting and
folding directly.)



3 The JZ solids J17 and J84

In this section, we describe an algorithm to obtain Theorem 2. By applying the technique
in [6], we can enumerate a set of spanning trees of any polyhedron, where a spanning
tree is obtained as a set of edges. By traversing each spanning tree, we can obtain its
corresponding unfolding Pj,. Since all edges of a JZ solid have the same length, P, can be
represented by a cyclic list C'j, of its interior angles a;, where vertices v; of Py, correspond
to the corners or the middlepoints on some edges of the original JZ solid. Since a spanning
tree has n — 1 edges, each edge appears twice as the boundary of Pj,, and each edge
is broken into two halves, P, has 4(n — 1) vertices. Figure 4 illustrates (a) a spanning
tree of the JZ solid J17, and (b) its corresponding unfolding, which can be represented
by Cj, = {60,180, 120, 180, 180, 180, 60, 180, 300, 180, 60, 180, 300, 180, 60, 180, 300, 180, 60,
180, 120, 180, 180, 180, 60, 180, 300, 180, 60, 180, 300, 180, 60, 180, 300, 180}.

Now, we use Theorem 4 and check if each edge unfolding is a p2 tiling or not. We can use
the similar idea with the algorithm for gluing borders of a polyhedron (see [5, Chap. 25.2]):
around each rotation center, check if the corresponding points make together 360°. If not,
we dismiss this case, and otherwise, we obtain a gluing to form a regular tetrahedron.

We first consider the JZ solid J17. In this case, we can determine the length of each edge
of the triangular lattice equals to 2, since each face of the (potential) regular tetrahedron
consists of four unit tiles. We can check if each unfolding of the JZ solid J17 can be folded

into a regular tetrahedron as follows:

1. For each pair of v; and vj,, suppose they are rotation centers, and check if the

distance between them is 2.
2. Obtain a path vy —v;,—v;» which is glued to vjy—vj v by a 2-fold rotation around
vj,- So do a path vy —vj, vy for vj,.
I
= i
+ar if j; # ji and af = aj, + 180 if j = j = ji. So do aj,...,a;y. Let C); be

. . . . ,
3. Replace interior angles of Ajrseees Gjpy s Gy D C, with angle aj s where a

the resulting cyclic list.

4. For each pair of v;, and vj,, suppose they are rotation centers, and check if a path

vj,—vj, in € is glued to the remaining path vj,—vj,.

5. Check if vj, and vj, are the lattice points of the regular triangular lattice defined by
Vj,, Vj,, and check if no two of vj;,, vj,, v;; and vj, belong to the same equivalent

class.

4A tetramonohedron is a tetrahedron that consists of four congruent triangular faces.
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In Step 1, since every face of the JZ solid J17 is a triangle, a; is always a multiple of
60. The relative position of v; from vy can be represented as a linear combination of two
unit vectors ¢ and ¥ that make a 60° angle. Thus, we check if vector v]l_ng is one of 421,
+27, £2(& — ¥) in this step.

In Step 2, two vertices v;; and v;y are obtained as vj,—j and vj, 1 with an integer
k satistying aj, — + aj,4x < 360 and aj,—i + aj4p = 360 for all 0 < k' < k. In
Figure 4, v; and v; are supposed to be rotation centers, and paths vg—vi;—ve and vg—v7—
vy are glued to ve—v1-vy and vig-v7-vy4, respectively. By rotating Pj around v;, and
vj, repeatedly, we obtain a horizontally infinite sequence of Py, as shown in Figure 4(c),
whose upper and lower borders are the repetition of the path denoted in double line.
The list of the interior angles along the double line is obtained as C’f]i in Step 3. In
Figure 4(c), Cf]i is {180, 180, 240, 180, 300, 180, 60, 180, 300, 180, 60, 180, 120, 180, 180, 180,
60, 180, 300, 180, 60, 180, 300, 180, 60, 180, 300, 180}.

In Step 4, we check if aj, = a;, = 180 holds and aj,_j + aj, 41 = 360 for other gluing
of vertices vj;_x and vj, 1y in C”.. If Pj, passes all checks in Steps 1-4, Py, has a p2 tiling
with rotation centers vj,, vj,, v, and vj,. In Step 5, we check if the four points meet
Theorem 4(2)—(4) and if each triangular face is a regular triangle. As in Step 1, this check
can be done from the positions of vertices represented as a linear combination of « and .

For the JZ solid J84, we can check in the same way by letting the length of the
triangular lattice equal to v/3, and thus, in Step 1, we check if vector v]l_v]; is one of
+(d + 7), £(2d — ), £(20 — ).

4 Concluding Remarks

In this paper, we show that the JZ solids J17 and J84 are exceptionally in the sense
that their edge unfoldings admit to fold into regular tetrahedra. Especially, some edge
unfoldings can fold into a regular tetrahedron in two or three different ways. In this
research, the characterization of nets by tiling (Theorem 4) plays an important role. In
general, even the decision problem that asks if a polyhedron can be folded from a given
polygon is quite difficult problem [5, Chapter 25]. More general framework to solve the

problem is future work.
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